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ABSTRACT 

The classical action of a two dimensional Af = 2 supersymmetric theory, characterized by a 
general Kahler potential, is written down on a non(anti)commutative superspace. The action 
has a power series expansion in terms of the determinant of the non(anti)commutativity pa- 
rameter C"^. The theory is explicitly shown to preserve half of the M = 2 supersymmetry, to 
all orders in (detC)". The results are further generalized to include arbitrary superpotentials 
as well. 
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1 Introduction 

Field theories on noncommutative spaces have been studied extensively in the past few years 
(for a lucid review and full list of references, see [1]), even more so, after their appearance in 
certain limits of String and M-theories [2, 3, 4]. Noncommutativity of the bosonic space-time 
coordinates emerges on a D-brane worldvolume, when a constant NS-NS two form field is turned 
on. The study of classical, as well as the quantum aspects of noncommutative field theories 
has thrown in many surprises, both at the perturbative and nonperturbative level. The most 
notable ones being, UV/IR mixing [5, 6], noncommutative solitons [7], quantum Hall fluid [8] 
etc.. 

Considering the emergence of such interesting concepts, it is natural to seek a generalization 
of the idea of noncommutativity to be applicable to wider situations. An obvious thing to 
check is the possibility of having non(anti)commutativity between the superspace coordinates. 
Indeed, in the context of Dijkgraaf-Vafa correspondence [9] relating M — \ supersymmetric 
gauge theories and matrix models, it was suggested [10]-[13], that non(anti)commutativity of 
superspace coordinates naturally appears on a D-brane worldvolume, this time due to the 
presence of Ramond-Ramond 2-form field strength in ten dimensions or equivalently, a self- 
dual graviphoton field strength in four dimensions. Interestingly, the bosonic coordinates still 
commute, but the fermionic superspace coordinates do not anticommutate and instead, satisfy 
a Clifford algebra {^",^'^} = C^^ [14]-[23]. Recently it was shown in [13], that such theories 
with M = \ supersymmetry in = 4 are consistent and Lorentz invariant at the classical 
level. A surprising aspect is that the non(anti)commutativity parameter C appears explicitly 
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in the superalgebra, and breaks half of the supersymmetry. Consequently, the superspace itself 
becomes half supersymmetric. 

The ensuing studies [24]-[45], have explored the idea of non(anti)commutativity of super- 
space coordinates, in connection with matrix models [27, 29, 35], soliton and instanton solu- 
tions [41, 42], UV/IR mixing [31] etc.. At the quantum level, sufficient work has been devoted 
to the perturbative study of supersymmetric gauge theories and Wess-Zumino model with 
M — 1 supersymmetry in four dimensions [26, 37, 40, 43]. Regarding these models, certain 
(non)renormalization theorems have been proved [31] and also renormalizability [32, 33, 34] 
to all orders in perturbation theory has been shown. Furthermore, four dimensional gauge 
theories with J\f — 2 supersymmetry have also been formulated on a non(anti)commutative 
superspace [38, 39]. 

Although, much of the focus has been in connection with the Af — 1,2 supersymmetric mod- 
els in four space-time dimensions, it is both interesting and important to explore the effects 
of non(anti)commutativity in more general contexts. Especially, D = 2 offers an interesting 
arena where nonlinear cr-models have been studied in great detail. The relation of ultravio- 
let structure of Bosonic cr-models to the target manifold on which they are defined has also 
been explored [46]. Recently, noncommutative nonlinear cr-models have also been studied in 
considerable detail [47]-[51]. 

It is well known that supersymmetric generalization of Bosonic cr-models, unveiled deep 
connections between the complex manifold theory and supersymmetry [52]-[62]. The restric- 
tion on the type of manifolds compatible with extended supersymmetry has compelled the 
study of Kahler manifolds, besides leading to the construction of new, previously unknown 
manifolds [59]. To be precise, in connection with the supersymmetric extension of Bosonic 
cr-models, it was shown by Zumino [52], and by Alvarez-Gaume and Preedman [53] -[56], that 
J\f — 1 supersymmetry is possible on any arbitrary manifold, but J\f — 2 supersymmetry re- 
quires the manifold to be Kahler and Af — A supersymmetry can only be realized if the manifold 
is hyperKahler. Remarkably, Kahler geometry has proved to have strong implications for the 
renormalizability oi M — 2 supersymmetric cr-models defined on either Riemannian or Kahler 
manifolds [54]-[56]. 

Also, the importance of A/" = 2 supersymmetric sigma model in the context oi M — 2 
strings is well known [63]- [66]. In the recent past, noncommutative J\f — 2 strings have 
also been discussed [67, 68]. Motivated by the above results, in this paper, we explore the 
implications of Kahler structure for two dimensional J\f — 2 supersymmetric theories on a 
non ( ant i ) commut at ivc sup er space . 

The rest of the paper is organized as follows. In section-2, we present our M = 2 {D = 2) 
non(anti)commutative superspace, while also reviewing certain general properties of Kahler 
manifolds. In section-3, we obtain the classical action for an A/" = 2 supersymmetric theory 
defined by an arbitrary Kahler potential of a single chiral and antichiral superfield and show the 
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emergence of a power series expansion in (detC). In section-4, we discuss the supersymmetry 
properties of our theory and generaUze the results to include the superpotential. Conclusions 
and discussion are presented in section-5. 



2 Non(anti)commutative Superspace 

We start by formulating our M = 2 supersymmetric theory, on a non(anti)commutative 
superspace. In four dimensions, it was noted [17], that the algebra of superspace coordi- 
nates can be made non(anti)commutative and also associative only in a Euclidean space- 
time. Further in [13], it was elucidated that starting from an = 1 supersymmetric theory, 
non(anti)commutative algebra can be consistently formulated on a Euclidean space. Coming 
to two dimensions, there is a well known connection between D — A, M — 1 and D — 2, M — 2 
models, suggesting the existence of an associative non(anti)commutative algebra, as also pointed 
out in [44]. We now define this superspace va. D — 2 and continue to use Lorentzian signature 
as in [13]. 



2.1 D = 2, J\f = 2 superspace 

We begin establishing our notations [63, 69]. The superspace coordinates are denoted by: 
r,a,6l^ [63]. Here, r,a are space-time labels and are N Majorana spinors which are odd 
elements of a Grassmann algebra i.e., 01^6 ^ = —0^61^ [63]. For later convenience, we define the 
light-cone coordinates: 

e = ^(r + a), C = ^(r-a), (2.1) 

and for spinor coordinates, one can invoke the chirality condition using 75 in two space-time 
dimensions [63]: 

0' = ^(l-75)a/3^^, X' = ^(l + 75)a/3^^, (2-2) 



75 - ( n )• (2-3) 



with [63]: 

'',0 -1 

In what follows, we will be using the complex version of the spinors defined below, which can 
all be taken to be independent [44]: 

0^0l+i02^ 0^0l_i02^ ^^^l+i^2^ ^^^l_i^2_ (2.4) 

Hence, using the known results for D = 4, A/" = 2 [13], and D = 2, J\f = 2 [44], the 
non(anti)commutativity between the Grassmannian coordinates (2.4), can be introduced as 
shown below: 

{6,6} ^C', {6,x}^-C'\ {x,6}^-C'', {x,x}-C'\ (2.5) 
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with all other anticommutators of 6*, %, 6*, x vanishing. Also, 

[0, e] = [x, e] = 0, 

[^",C]= [X,C]=0. (2.6) 

An immediate consequence of (2.5) is that, when functions of non(anti)commutative coordi- 
nates i.e., 9,x ^-re multiplied, the result has to be Weyl ordered. This can be systematically 
implemented, by introducing a star product between the non(anti)commutative coordinates, as 
defined below [13]: 

(fOO f<01 fW fill ^\ 

= /(^, X) [ 1 - -Y-%de + + -^-K^e - -^KK 

- (^detc) i^eK - K^e ){'^eK - K^e )] 9(9, x). (2.8) 

Coming to the algebra of bosonic coordinates (2.1), it has been noted that if we assume, 

[e,e] = [C,C] = [e,C] = 0, (2.9) 

then the supersymmetry remains unbroken, but the supercovariant derivatives do not act as 
derivations and hence, defining antichiral fields becomes difficult. Alternatively, as pointed out 
in [13], to define antichiral superfields one works in the chiral coordinate basis defined as: 

^^^^±'-66, C^ = C±|XX- (2.10) 
To be consistent with the choice in eqns. (2.5) and (2.6), we impose the following relations: 

[r,r] = [c-,ci = [r,c-] = o, 
[r,^] = [r,^1 = [r,x] = [r,x]-o, 

[C-, e] = [r, ^1 = [r, x] = [C-, x] = 0. (2.11) 

As a consequence, we get the following identities: 



[e,e] = o=[c,C], 


[i, C] = 


loxC'\ 




[C,x] = 


-Ixc- 






\xc- 



(2.12) 
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Now, we can write down the supercovariant derivatives in the chiral basis as: 

and the supercharges are given as: 

* = |. * = | + «^. (2.16, 

We can now write down the algebra of supercovariant derivatives using eqns. (2.13) and (2.14) 
as: 

{Di, Di) = {D2, D2} = {D^, D2} = {D2, D^} = (2.17) 
{D,,D,}^{D2,D2}^0 (2.18) 
{D,,D,} = -id^-, = -^5c-. (2.19) 

The above algebra turns out to be same as in the usual superspace. In addition, all the 
supercovariant derivatives anticommute with all the supercharges. Also, using the definitions 
given in eqns. (2.15) and (2.16) the supercharges can be shown to satisfy: 

{Qu Qi} = {Q2, Q2} = {Qi, Q2} = {Q2, Qi] = 0, (2.20) 
{Qi,Qi} = id^-, {Q2,Q2}=td^-, (2.21) 

{Q^, Q,} = {Q2, Q2} = -^''^5^- (2-22) 

An important aspect of the above algebra, as first noted in [13] is that, Q is no more a symmetry 
on the non(anti)commutative space, whereas Q still continues to be the symmetry. Since, half 
of the supersymetry is broken, in our case, the unbroken Q supersymmetry can be termed as 
N — ^ supersymmetry. 

Before proceeding, we write down certain identities derived from the star product (2.7) of 
Grassmannian coordinates given in eqn. (2.4), for later use: 

o*e =ee + ^c'', = xx + ^ci\ (2.23) 

o*x -(Ox)-lc'\ ^^e ^ -(ex)-lc'', (2.24) 
o*{ex) ^ -e*{xo) ^ Uc'^x + c^'e), (2.25) 
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X*{xO) = -X*W ^ \{c''e + C'\), (2.26) 

{ex)* {ex) = -{xe)*{ex) = -\{detc). (2.27) 

To construct a superspace action, we need the chiral and antichiral superfields, which we define 
below. Chiral superfields satisfy DiS = = D2S and can be written as: 

Sir, C, e, x) = Air, n + le^r, O - ixMr, O -li{e*x-x* e)Fir, C), (2.28) 

where the star product of 9 and x appearing in eqn. (2.28) is already Weyl ordered as shown 
below: 

{e*x-x*e) = {ex-xe)= 2iex). (2.29) 

Now, antichiral superfields satisfying DiS = = D2S can be written as: 

Sir, C e, x) = Mt, - ieMr, C) + ixMi^, C) - mnt, O- (2.30) 

It has been pointed out in [13] that, since ('C^,C^) do not commute among themselves, one 
needs to Weyl order functions of these coordinates as well, which is inconvenient. Hence, using 
the definitions given in (2.10), wc expand the antichiral superfield around (C~)C~) coordinates, 
so that, we only Weyl order the ^^"s. Doing so, one ends up with [13]: 

sir,C^,e,x) = Air,r)-^eMr,n + ^xMr,r) + ^ee^^-A + lxx^c-A 

+ ex{-xdc-4^L-ed^-iPR-iF + i0x)d^-d^-A). (2.31) 

Further, the star product does not break chirality. The star product of two chiral superfields 
is still chiral, as seen below: 

Sir, r, e, x) * Sir, r, e, x) = sir, r, e, x)sir, r, e, x) + (^det f\ (2.32) 

Besides, it is interesting to note the appearance of the non(anti)commutativity parameter as 
(det C). One can also check that the star product does not break antichirality as well, i.e., the 
star product of two antichiral superfields still remains antichiral. 

2.2 (7-models and Kahler geometry 

Here, we give a brief review of the known results concerning the supersymmetric extension 
of the Bosonic nonlinear cr-models and also write identities coming from the structure of the 
Kahler geometry [70, 71]. 

Let us start by writing down the action for the bosonic nonlinear o"-model on a general even 
dimensional Riemannian manifold M, with a real metric gfjiz,z) and the complex coordinate 
fields z\z^ , where i, j = 1, ...,n, as shown below: 

7 = y (fx Qi-^d^z'd^zK (2.33) 
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Constraining the manifold to be hermitian, the unmixed components of the metric vanish, i.e., 
9ij = 9ij = ^ ■ Moreover, as has been already said, to couple the bosonic cr-model (2.33) to n 
complex spinor fields and have M = 2 supersymmetric extension, the target manifold has to 
be Kahler. 

The line element on a Kahler manifold can be written locally as: 

ds^ ^2gfjdz'dz^, (2.34) 

where the hermitian metric gfj can be obtained (locally) as a second derivative (once holomor- 
phic and once anti-holomorphic) of an arbitrary real scalar function (Kahler potential), say, 
/C(z, z) as shown: 

d d 

The above definition of metric (2.35), is invariant under Kahler gauge transformations and 
arbitrary holomorphic coordinate transformations: 

K:'{z,z) = lC{z,z) + K{z) + A(^), 

(/)' = z\z^) , {z'y = z\z^). (2.36) 

Evidently the metric (2.35) is real and off diagonal with the only nonzero components being gfj 
and g-ji- The non vanishing components of the Kahler metric and their inverses, further satisfy: 

9ij9^ = ^, 9^9o. = 5i- (2.37) 

From the Kahler condition, 

dkgijiz, z) = dig^jiz, z), (2.38) 

many simplifications occur and very few components of the Christoffel symbols and the Rie- 
mann Curvature tensor remain nonzero. We first write down the non vanishing components of 
Christoffel symbols and the Riemann Curvature tensor in terms of the Kahler potential lC{z, z): 

pi a Odd J ji d d d 

- d d d d 

m- = g^rn j^^ y (2.39) 

dzi dz^ dz^ dz"^ ^ ' ^ ' 

Starting from the basic definition given in eqn.(2.35), one can also deduce the following identi- 
ties: 

r'-fc = 9^^ djg^i, T--J. = g^^ d^gii, Tjjk = gji F^-^, F^j^ = gijTj^, 

^jkl ^ ^k^)l^ ^ijkl — ffim^jilJ R'ijkl = Rilkj- (2.40) 

Furthermore, the Ricci tensor Rfj — g^"^" RfUjm: is a "Kahler tensor" as it satisfies Rij — Rjj — 
and locally it can be obtained as Rij — didjlndet{g''^). 



3 M = 2 Supersymmetric theory on Non (ant i) commutative 
Superspace 

In this section, we derive the classical action for M = 2 supersymmetric theories with Kahler 
structure on non(anti)commutative superspace and then in section-4, show that half of the 
supersymmetry remains unbroken. In this paper, we restrict ourselves to a single chiral and 
antichiral supermultiplet. The generalization to include n chiral and antichiral superfields 
remains a subject of future work. 



3.1 Classical action 

Continuing the discussion in section-2.2, the most general action for jV = 2 supersymmetric 
theories characterized by a Kahler potential 1C{S, S) , where S and S are chiral and antichiral 
superfields, takes an extremely simple form as shown below: 

7 = j d^x de dx de dx )C{s, s), (3.1) 

where S and S are chiral and antichiral superfields defined in eqns. (2.28) and (2.31). To 
obtain the action in terms of the component fields, one expands }C{S, S) around the bosonic 
fields, A and A. Following this general procedure in our case and using the definitions of chiral 
and antichiral superfields given in eqns. (2.28) and (2.31), wc first explicitly write down the 
possible terms in the expansion of the Kahler potential IC{S, S): 

}C(S,S) ^}C(A,A) + L- + R^+^_L.L^+-R.R^ 

1 _ a^X: 1 r.2 ^1 1 r^o .1 d^JC 



+ ^ L*R\ — — ^ + - 



Lt*R 



+ :t7 



Rl*L 



2! ' ' dSdS 3! L * J dS^dS 3! L * J dSdS^ 
1 9"/C 1 9"/C 

~l~ ■ ■ ■ ~l~ — r ^ „ + ■ ■ ■ + — r -fX — + • • • 

n\ * dS"" n\ * dS"" 

+ 7 TT [L:*K] WTT^ + ■■■ , (3.2) 

{n + my. * * ^ dS^'dS"' ^ ' 

where n and m are integers and we have also introduced the following notations: 

L^S-A, R = S-A, 



Ul = L*L* *L, i?^ = R*R* (3.3) 

and the square brackets [• • ■] in eqn. (3.2), signify all possible combinations of L's and R's. For 
instance, in this notation: [L * L* R\ = L*L*R + L*R*L + R*L*L. 
Also, to keep the notations simple in eqn. (3.2), 

die d^lC gn+n^]c 



dS ' dS'^ ' dS'^dS'^ 



etc., (3.4) 
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stand for the derivatives of the Kahler potential, evaluated at S = A and S = A. 
For L and R, explicitly one has: 

L{r,C,0,x) = +i9^L-ix^R-i{9x)F, (3.5) 

R{e,C,o,x) = -ieiPL + tx'^R + ieed^-A + txxdc-A 

+ ex(-xd^-,pL-ed^-,pR-zF + {ex)d^-d^-A), (3.6) 

where we have suppressed the dependence of component fields on the coordinates (^~, (~). All 
the component fields are taken to be functions of (C~)C~)) if i^ot explicitly mentioned. Using 
the form of L and R given in eqns. (3.5) and (3.6), we arrive at the following identities: 



n-l 

2n _ I J„+ /-I \ rp2n-2 



LT = I -det C 



1^2 



(3.7) 



-2n(ex)^L^R + (^detc) F 
-det C\ F^^-^ (-2niil)Li^R + F.l) , (3.8) 

Rl = 29x{-^L^R - xi^Ld^-A - 9ijRd^-A + {9 x) d^- Ad^- A) , (3.9) 
< = 0, for n > 2. (3.10) 

To evaluate the action in eqn. (3.1) exphcitly, one needs to collect the terms with coefficient 
9x{9x) appearing in the expansion of Kahler potential in eqn. (3.2), as only these terms 
survive after performing integration over the Grassmann variables. Now, from eqns. (3.5), 
(3.7) and (3.8), one can see that the star product of an arbitrary number of L's alone does not 
have a term proportional to ^ X (^ x) , and hence, it cannot give rise to terms in the action. On 
the other hand, with the same logic, R given in eqn. (3.6) the star product of two R's given 
in eqn. (3.9), do contribute terms to the action. Further, the star product of three and higher 
number of R's vanishes and hence, does not contribute to the action. Therefore, to proceed, we 
turn towards the star product of an arbitrary number of L's with either R or R*R. First, using 
the definitions of L and R given in eqns. (3.5) and (3.6), we arrive at the following relation: 

L*R + R*L = - 2x9iPL^R - 29x^R^L + '299^LiljL + 2Xx^R^R 

+ '-9x {detC) Fd^-d^-A - 29{9x) {i^Rd^-A + Fi^l) 
- 2x{9x) {^lO^-A - FiPr) + 29x9i>LF - 29xX'4'rF 
+ 29x{9x) (t^Ldc-^L + li^Rd^-iPR - FF). (3.11) 

Note that in the above equation, L*R and R*L independently have many more terms (explicit 
expressions are given in the Appendix) which cancel out when we consider L * R . Further, 
since our interest is in extracting only the terms with coefficient ^x x) > we mainly concentrate 
on those terms. Moreover, in this connection, we make the observation that, focusing only on 



9 



the terms with coefficient Ox{d x) ^ ^ great deal of simpUfication occurs, allowing us to obtain 
several identities which we give in the Appendix. The crux of the matter is that a general term 
in the expansion in eqn. (3.2), e.g., [L^ * R* LI* R* LI], can give rise to various terms in the 
action corresponding to all possible combinations of L's and it!'s. However, using the identities 
given in the Appendix, one can push all the L's to one side and all the i?'s to the other side as: 



m*R*L'i*R*L:]\s^e 



(3.12) 



where p, q, r are integers. We give the proof of these identities in the Appendix and in what fol- 
lows use these results directly. Explicit check of supersymmetry (in section-4) further confirms 
that our action is indeed correct. 

The star product of even and odd number of L's with i?, can be shown to satisfy (when 
restricted to terms with coefficient x{Ox))'- 



L^ * R 



\Sx9x 



(2n+l)^^ ^2n ^ ^ 



Bx6x 



(2n + 1) ( -det C 



n—l 



n2n-2 



2n iipL'ipRF 



+ (-det C] F'd^-d^-A 



(3.13) 



L^+^ * R 



^xox 



(2n+2)^^ ^2n+l ^ ^ | 



'X^X 



1 



(2n + 2) ^det C j F^'^"^ [ -2n i d^- d^- A 

+ F (i^Ld^-jjjL + i^Rd^-^jjR - FF) 



(3.14) 



where n > 1. Now, one can notice that eqn. (3.11), has terms proportional to 6x i^x) which 
are also independent of C. Therefore, these terms would give rise to the standard C = 0, A/" = 2 
super symmetric action. On the other hand, from the set of eqns. (3.13) and (3.14), and similar 
ones appearing below, one can see the emergence of new terms in the action, proportional to 
arbitrary powers of (det C) . 

Next, we go on to compute the star product of arbitrary powers of L's with Rl, needed for 
writing down our action. Using the results given for L's in eqns. (3.7) and (3.8) and Rl in 
(3.9), we end up with: 



L*Ri 



Lf * Rl 



'xox 



'xfx 



^Ci L* Rl le^e^ 

6i [iPl^rF + ^l^lOc-A + ^jr^jrO^-A) , 

(2n+2)^^^2n^^2 



(3.15) 



{2n+2)^ 2 -detC 



'xcx 

n-1 



n2n-2 



2 mjjL IpR IpL ^ 



R 
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-2n+l 



+ (^-det Cj F'd^-Ad^-A 



(3.16) 



ri2n-l 



- F [i,L^Ldi^-A + + ^L^i^F)], (3.17) 

where n > 1. It may be noted that eqn. (3.15) contributes terms in the standard C = 0, 
supersymmetric H — 2 action. Furthermore, eqns. (3.16) and (3.17) contribute new terms in 
the action, proportional to various powers of (detC). 

To summarize, substituting the results obtained in cqns. (3.5)-(3.17) in the action (3.1), we 
end up with the classical action for supersymmetric Af = 2 theory on a non(anti)commuta- 
tive superspace. It is possible to break the action into two parts as: 



/ = /n 



TV, 



(3.18) 



where Iq corresponds to the C — 0, — 2 action and stands for the non(anti)commutative 
part of the Af = 2 theory. 

Below, we first collect the terms coming from the expansion of the Kahler potential in the 
action in eqn. (3.1), which will ultimately give rise to /q: 



^0 = J d^xdedxdOdxlR^ + ^R^^^'^ 



Lt*R 



die 1 
as" ^ 2! 
1 



1 d^JC 
dS^^2^A^*^^dSdS 



dS^dS ^ 3! 



Rt*L 



dSdS^ ^ 4! 



Li*Rt 



.(3.19) 



Now, making use of the identities derived in eqns. (3.6), (3.9), (3.11), (3.13), (3.15) and (3.16), 
in the above form of the action and after performing integration over the Grassmannian coordi- 
nates, in the usual way, we end up with the following action for C = 0, jV' = 2 supersymmetric 
theory: 



/o = Jd^x[(d^-d^-A)^ + (tijLdc-ipL + ii^Rd^-ipR-FF) 



dSdS 



+ (d^-Ad^-A 



+ i 



( i'dnF ) + I ( ^l^rF + i^L^Ld^-A 



+ i^R^Rd^-A ) QgQ^2 ~ ( ^L-ipL-ipR-ipR 



(3.20) 



Now, to write the action in the standard form, we perform a partial integration on the |^ term. 
The action so obtained is given below: 



I'^^ jd^x[{- ]^d^-Ad^-A - ^-d^-Ad^-A + ii>Ld^-i^L + ii^Rd^-i^R - FF ) 



dSdS 
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+ i ( i^Li^Rp ) + i ( IpLlpRF + i)L^Ld^-A + ^^Ri^Rd^-A ) 



- ( Ml^R^r ) g|2g^2 ] ■ (3-21) 

This should be compared with the usual C — 0, — 2 supersymmetric action [62], which can 
be determined by taking the superspace coordinates to anticommutate. 

Before proceeding to write down the action, we first define the chiral and antichiral super- 
fields in the C — anticommutative theory: 

Sir, C", 0, x) = + ^0 ^^{^, - ix^r{^, C) - ^Oed^A - '-xxdcA 

+ Ox(^^d^i>^ + ^-d^i,R-tF+^-exd^diA^ (3.22) 

'sie, C+, 0, x) = kc, -tO^L + tx^R + 'fed^A + '-xxd^A 

+ ex[-\d^i'L-\d^^R-iF + h)xd^d^A^. (3.23) 

Hence, using the definitions of chiral and antichiral superfields given in eqns. (3.22) and (3.23), 
the classical action can be constructed by expanding the Kahler potential of the anticommu- 
tative theory. Below, we only give the final result for the action, after performing partial 



integrations on the terms of the type ^ and 

00 QS 



as ds- 



Jd'x]^{ - -d^Ad^A - -d^Ad^A + (^^dc^L - dci^jL) + (^Rd^^R 
-d^^R^ - FF } + I ( '^Jj^F - Jjj^^Ld^A - JjRi^Rd^A 



\ ^L^L^I^R^R ) 



dSdS V ^ ^ ^ ' / dS^dS 

1 

-■J 

2 

ri^r 1 

(3.24) 



+ t ( i^Li'RF + -i'Li'LdcA + -ijRijRd^A ) 



dS^dS 

One can notice a slight mismatch in the form of Jq given in (3.21) and Jq given in (3.24). In 
particular, the A^A and A ,A dependent terms with coefficient and in eqn. (3.24), 

are different in both the cases. However, the equivalence of the actions Jq and Jq, up to a total 
derivative, can be explicitly seen by adding the following total derivative terms to the action 
in eqn. (3.24): 

la. ( ^J^^J^] + '-de ( ^Jr^IOi . (3.25) 

The apparent difference in the two actions is only because Iq is written in chiral coordinates 
C~), ^iid Iq is written in ordinary coordinates (^, Q. 
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Coming to the non(anti)commutative part of the action J^, one has to follow similar steps 
as discussed above. Using the results derived in eqns. (3.13)-(3.17), various terms in the 
expansion of the Kahler potential in the action in (3.1), which can contribute to terms in Iq 
are summarized below: 



12; ^ j (fx dO dx d9 dx 



n=l 



1 



+ 



(2n + l)! 
1 



+ 



1 



+ 



(2n + 2)! 
1 



- 2n+l 



*R 



.(3.26) 



(2n + 2)! L * dS^^dS^ ' (2n + 3)! 

Now, it is straightforward to substitute the results derived in eqns.(3.13)-(3.17), and collect 
the terms proportional to various powers of (detC). Then, performing an integration over the 
Grassmannian variables in the usual way, one will end up with the final form of action. In this 
context we first collect terms which are to lowest order in (det C) and write down the action 
explicitly to first order in (det C) . The subsequent generalization to include terms proportional 
to arbitrary powers of (det C) will follow. 

The non ( ant i) commutative part of the action obtained from eqn. (3.26) to first order in 
(detC) (labeled as Iqi) turns out to be: 



det C / d'x 



1 
4 

+ iipRd^-ipRF 



f^f] 



d^JC 
^ dS^dS 



- F%-Ad,^A 



d^JC 



dS^dS^ 6 



^ dS^dS 



:F ( 2';pL^i}Rd^-Adc-A - F^^/jliPr + Fi^Li^Ld^-A + Fi^ni^nd^-A 



6 V" — — — "7 9^45^2 J- (3-27) 

As was first pointed in [13], C by itself breaks Lorentz invariance, but since it appears in the 
action (3.27), as (detC) no Lorentz invariance is broken. Hence, the non(anti)commutative 
part of the action (3.27), is Lorentz invariant to first order in (detC). 

Having written the action to first order in (detC) in eqn. (3.27), we now proceed to write 
the most general action, by following similar steps as discussed above. We substitute the results 
obtained in eqns. (3.13)-(3.17), in the action (3.1), and collect terms which are proportional to 
(det C)". The most general action for non(anti)commutative part of the J\f — 2 supersymmetric 
theory, then looks as follows: 



n=2 

oo 



1 



n— 1 



d'xF 



2n-2 



2n y - - - a2"+i/C 

li'Li'RF 



(2n)\ 



n=l 



1 



+ E(jdetC 



)7 



d^x F 



2n-2 



{2n)\ 



F^d^-d^-A 



dS^^dS 

d2n+lj^ 

dS'^^dS 



- i'L^'L^'Ri^. 



R 
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F - - - - - - ff'^^'^'^K' 



+ FV^L^^a,- A + FV^i.V'i.^r-^ ) Qs2n+,QS2 ] ■ (3-28) 

One can clearly see a power series expansion in (det C) . The full action for the jV' = 2 su- 
persymmetric theory on a non(anti)commutative superspace is thus given by eqns. (3.21) and 
(3.28). We now proceed to analyze the supersymmetry of the theory. 



4 Supersymmetry 

The two supersymmetries preserved by the usual C — 0, N" — 2 supersymmetric theories are 
generated by the supercharges Q and Q. However, from the discussion in section- 1, we know 
that, once we invoke non(anti)commutativity of the superspace coordinates as in eqn. (2.5), 
the Q symmetry is broken and the superspace becomes N — ^ supersymmetric. Accordingly, 
we shall use the unbroken Q symmetry on the superfields to generate the supersymmetry 
transformations. 

Thus, the variation of the chiral superfield in eqn. (2.28) is given as: 

5aS = 5aA + ieSa-^L - iX^ai^R - 1 (0 x) Sa F. (4.1) 

As stated before, we have suppressed the explicit dependence of component fields on the coordi- 
nates for clarity. All the component fields arc taken to be functions of (^^, unless specified 
otherwise. The supercharge Q acts on the chiral superfield as shown: 

SaS = { aiQi + a2Q2) * S, 

= -ai [i^j^L - ixF) + a2 {-^^i^R + iep) . (4.2) 

Now, it is easy to compare eqns. (4.1) and (4.2), and get the supersymmetry transformations 
for the component fields: 

SaA = -iaiipL - iot2'4^R, 

Ki^L = -Oi2 F, 

Sa'ipR = ai F, 

6c,F = 0. (4.3) 

Analogously, the supersymmetry transformations of the remaining component fields appearing 
in the antichiral superfield in eqn. (2.31) can also be written: 

SaA = 0, 
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5aF = iaid^-i/jR - ia2dt^-ijjL- 



(4.4) 



Notice that the supersymmctry transformations given in eqns. (4.3) and (4.4) are the same 
as in the usual C = theory. Also, we have already pointed out the equivalence of the 
C = part of our action in eqn. (3.20) and the standard action [62] given in eqn. (3.24). 
Hence, the supersymmctry of the C = part of the action (3.20), is obvious. However, one 
can also explicitly check the supersymmctry by varying the action (3.20), with respect to the 
supersymmctry parameters ai and a2 and using the supersymmctry transformations (4.3) and 
(4.4). Thus, the variation of the action in eqn. (3.20) gives: 



7o' + 7o' + I'o + It 



5Io = J d^x 
where II , Iq , , Iq are defined below as: 

(td^-^L^L + td^-i/jRi/jR + F7^) (M) 



(4.5) 



dSdS' 



dS^dS' 



-'o 



7^ 

-'o 



+ i((5^R)V'LF + iM5'il^L)F + iiI^rM^F) 
+i{5iPl)iPrF + iiPl{Hr)F + i{5i^L)'4^Ld^-A + [d^-Ad^-A){8A) 
+ #l(5^l)<9c-A + i{5ijR)ijRd^-A + iijR{5ijR)d^-A 



dSdS^ ' 



( {5'ljjL)'il^L'^R'ljjR + ll^L(S'ljjL)'^RlpR + lljL'^L(S'ljjR)'ljjR + ll^Li^Li^RiSl/jR) ) 

- i{ ^l^rF + i^L^idi^-A + i)Ril^Rd^-A){5A) 



(4.6) 



(4.7) 



(4.^ 



(4.9) 



Now, one can directly substitute the supersymmctry transformations given in eqns. (4.3) and 
(4.4), in the variation of the action given in eqn. (4.5), or equivalently in eqns. (4.6)-(4.9). 
The result is that, each of the terms in eqns. (4.6)-(4.9) vanishes individually. Therefore, 
the C — part of the action given in eqn. (3.20) preserves N — ^ supersymmetry. Also, by 
writing down transformations under both Q and Q's, we find that the supersymmetry variation 
corresponding to Q's in the action Iq cancels out, whereas the C dependent terms generated 
by Q's add up. Therefore, the action does not remain invariant under Q's. 

Now, regarding the non(anti)commutative part of the action in eqn. (3.28), we will first 
check the supersymmetry of the action (3.27) to first order in (detC). The calculations get 
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simplified by noting that the supersymmetry transformations of the component fields F and A 
vanish identically. Thus, varying the action (3.27), with respect to the parameters cti and a2-, 
and leaving out the terms which cancel out trivially, we end up with: 



5Ici = I -det C 



where Iq are defined below as: 



d X 



(4.10) 



]^F^d^-d^-A {5 A) + (-2F{6ijL)i'Rd^-d^-A - 2FMSiljR)d^-d^-A 
+F\5^L)dc-^I^L + F^Ld^-{5i^L) + F\5i^R)d^-'iPR 



dS^dS' 



-'c 



-F^Rd^-{5ijR)+iFHF) 
\ f{ -^2ii^Li^Rd^-d^-A + ii^Ldc-'^LF + ii^Rd^-ipRF - F^F } {8 A) 



(4.11) 



If 



c — 



F' { {5^I^l)^rF + MS^r)F + Mr(SF) } ] 

^F^d^-Ad^-A{SA) - '-F{2{5ijL)i^Rd^-Adc-A + 2MSi;R)d^-Ad^-A 
-F\5'i1^l)i1^r - F^MHr) + F{6ijL)i^Ldc-A + FMS'^L)dc-A 



(4.12) 



+ F{5ll^R)^PRd^-A + F'4^R{8^l^R)d^-A } ] 



dS^dS'^ 



(4.13) 



'-F ( 2i,L4jRd^-Ad^-A - F^i^Li^R - F^jLi^Ld^-A - FijRijRd^-A){6A) 



+ 1 ( F\Si/Jl)iIJl^R^R + F^ijjL{Sl/jL)lljR^R 



+F^lMSMr + F^l^lMS^r) ) 



(4.14) 



Now, one can directly substitute the supersymmetry transformations of the component fields 
given in (4.3) and (4.4), in the variation of the action given in eqn. (4.10) or equivalently in 
eqns. (4.11)-(4.14). The outcome being that, each of the terms in the action given in eqns. 
(4.11)-(4.14), vanish individually. Thus, we have the result that the non(anti)commutative part 
of the action given in eqn. (3.27), preserves N — ^ supersymmetry to first order in (detC). 

To check whether the non(anti)commutative part of the full action given in eqn. (3.28) 
preserves N — ^ supersymmetry to all orders in (det C), we perform an explicit verification of 
supersymmetry. We follow the procedure as discussed above and vary the action Iq given in 
eqn. (3.28) with respect to the supersymmetry parameters cti and a2- It turns out that the 
supersymmetry variation of Iq again consists of four parts (ignoring terms cancelling trivially) : 



-detC 



f ^2 p2n-2\ t1 , t2 , r3 ,7-4 



(4.15) 
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where are defined below as: 

1 



n 



-2nFM5iljR)d^-d^-A 



+F^Rd^-{5il^R) + iFHF) 
F 



[-2inijLi^Rd^-d^-A + z2PLdc-i'LF + t^PRd^-ijRF - F^f){6A) 



(4.16) 



(2n + l)! 

+i{SijL)i^RFF + i^l{5^r)FF + i^l^rF{5F) 



1 



(4.17) 



(2n)! ^ ^ V / (2n + l)! 
+2n^L(5^i?)a^-ia^-i 

-F2(5V'L)V'ii - i^'V'L(5V'ii) + F(5V'L)VSL9c-i + FV'l(5V5l)9c-^ 



+F{5^PR)i,Rd^-A + F^R(5^/;«)a5-A } 



(4.18) 



(2n + 1) 



'iF ( 2nV5L^Ra^-^5c-^ - ^Vl^/'r - Fil^Li^Ld^^-A 
-Fi^Ri^Rd^-A ) {5 A) + ( F\5i^L)i^Li^Ri^R + F'MSxljL)'^RijR 

+F^^L^l{S^r)^r + F^^L^L^RiSi^R) ) 



QS2n+2Qg2 



(4.19) 



Now, one can go on to substitute the supersymmetry variation of the component fields given in 
eqns. (4.3) and (4.4) and hence in eqns. (4.16)-(4.19). Owing to some beautiful cancellations, 
all the pieces of the supersymmetry variation of the full action Ic given in eqn. (4.15) vanish 
identically. Hence, the non(anti)commutative part of the supersymmetric theory given in eqn. 
(3.28) preserves -/V = | supersymmetry to all orders in (detC). 

Combining the results obtained for the supersymmetry variations of the actions given in 
eqns. (3.20) and (3.28), we conclude that the full non(anti)commutative theory given by eqn. 
(3.18), preserves N — ^ supersymmetry. 



4.1 Superpotential 

In this section, we generalize the results of the preceding section, by including superpotentials 
in the action (3.1). The complete kinetic action for the non(anti)commutative N = theory 
was given in eqn. (3.18). The action can be generalized to include arbitrary superpotentials. 
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as shown 



I9 



= J (Px de dx de dx k:{s, s) + J d^x de dx w{s) + j d^x de dx w{s), (4.20) 



where apart from the Kahler potential /C(S', S), we also have superpotentials W{S) and W{S). 
Like the case for /C(S', S) in eqn. (3.2), we expand the superpotentials in terms of the component 
fields as shown: 

TT./o^ TT./4^ rdW, 1 B^W, 1 ^ B^W , 

W{S) = W{A) + L-^\s=A + ^_L*L-^\s=A + ^_L*L*L^\s=A 

Note that the quantities L, L^'* and -L^""^''^ have been defined in eqns. (3.3), (3.7) and (3.8) 
respectively. We also have: 

- - - - dW 1 d'^W 

W(S) = W(A) + R -^\s=A + ^R*R -9st\s=a, (4.22) 

where R appearing above, has been defined in eqn. (3.3). Notice that the above expansion of 
W{S) gets truncated, since i?" = 0, for n > 3. Hence, using the results of section-3, we can 
evaluate various terms in the supcrpotcntial in eqn. (4.21). Collecting terms proportional to 
6 X which will ultimately contribute to the action, we end up with: 

dW - - d'^W 

oo -1 y s n-1 



n=2 



(2n- 1)! V4 ; ^"^^"^ a52n 



(4.23) 



Similarly, one can also write down the terms coming from eqn. (4.22). We end up with the 
following most general form of W{S) , after collecting the terms proportional to : 

- - - dW d'^W 

W{S)\o^ ^-iF -^\s=A - ^L^R -Q^\s=A- (4.24) 



5 Discussion 

To conclude, we have analyzed the most general classical action of an jV = 2 supersymmetric 
theory with single chiral and antichiral superfield, defined on a non(anti)commutative super- 
space, for an arbitrary Kahler and super potential. The key aspect of the analysis is the emer- 
gence of a power series expansion in (det C) in the action. Writing down a general n}^ order 
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term in the action is possible and is found to be Lorcntz invariant. The N — ^ supersymmetry 
of the action was exphcitly shown, order by order in (detC). 

The C = part of the supersymmetric theory studied in this paper, has a straightforward 
generahzation to supersymmetric nonhnear cr-model containing several superfields. Prom the 
definitions of geometric quantities given in section-2.2, the action Iq given in eqn. (3.21), can 
be written as [62]: 



/ 



-R-ifu{^li^i^'Ri^'R)]. (5.1) 

It seems plausible that the action for the complete = | supersymmetric theory with arbitrary 
number of superfields -S"* and can also be written in terms of the Kahler metric and the 
subsequent geometric quantities following from it. However, to geometrize the full N — ^ 
supersymmetric theory studied in this paper, the identities given eqns. (2.39) and (2.40), are 
not enough. Also terms of the type ■0l • ' ' ^^c., will appear in the expressions such as L". It 
will be interesting to examine whether the complete action can be written in a geometric form 
like (5.1). 

There are lots of other avenues one can explore. One of the most obvious things to study 
is the quantum aspects of the non(anti)commutative theory we have discussed. It is a well 
acclaimed fact that the Kahler geometry imposes severe restrictions on the kind of counter 
terms which can appear in the quantum action. In view of the series expansion we see in the 
classical action, it is worthwhile to analyze what kind of restrictions put by Kahler geometry 
appear at the quantum level. Moreover, checking the renormalizability of the above model is 
an interesting aspect to be pursued. 

Further, in two dimensions one can have new cr-models due to the possibility of defining 
twisted multiplets [60], in addition to the chiral and antichiral multiplcts. These cr-models 
have established various connections between D = 4, A/" = 1 and D = 2, A/" = 2 models. It 
may be possible to generalize the result of this paper, to include twisted (chiral and antichiral) 
fields as well. In this way, one can possibly study the consequences of Mirror symmetry in 
D — 2, N — {2, 2) models, which interchanges the (anti)chiral and twisted (anti)chiral fields. 

Appendix A. 

Here, we provide the proof of the identity: 

LT *R* L: * R* LI = * Rl |,-^,^ , (A-1) 
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where m, n and p are integers. As already mentioned, the above identity strictly holds only for 
terms with coefficient 9 x{d x) ■ Before proceeding, below we collect certain results from the 
text, which will be used repeatedly: 

L = +ig^^-i^^j,-i(0^)F, (A-2) 

R = -io^^j^ i^^^ + iOOd^- A + ixxdc,- A 

+ ex{-xdi:-ii^L-ed^-ii^R-iF + {ex)d^-d^-A), (a-3) 

= Qdet C)" ' F^"-^ [-2n(^x) ^l^r + (^det F^] , (A-4) 

/I \ " - - 

= (^det Cj F^"-^ (-2nzVSLi/SR + FL) , (A-5) 

Rl = 2ex{-MR - X^Ld^-A - d^Pnd^-A + {dx)d^-Ad^-A), (A-6) 
R'l =0, for n > 2. (A-7) 

To begin, using the definitions of L and R given in eqns. (A-2), (A-3) we deduce the 
following result: 

- xo{MR-\c''Fd^-A) - ex{ML+\c'''Fd^-A) 
-ee(-^Li^L+\c''Fd^-A) + xx{^Ri^R + \ f d^-A) 

+ lH{C^''i^Ld^-'4^L+ C^'i^Rd^-'il^L- C^'^i^Ld^-tl^R- C'^'tljRd^-'iljR 
+ ^(det C)Fd^-d^-A) - 0{0x) {^rO^-A + F^l) 

- X{0x) {'ipLdc-A - FiPr) + ex0{'^{-C''d^-^LF+ C'^'d^-^RF 

- C"'^|;L^^-^c-A- C''^|;R^^-^c-A} + F ) + 9 xx {'^ {c''' d^-^R F 

- C^^d^-^LF- C'^i^Rd^-d^-A- C'^^Ld^-d^-A] -^rF) 

+ OxiOx) {li'Ld^-^L + li'Rd^-^R - FF). (A-8) 
One can similarly obtain L * R as given below: 

L*R ^-^e iPl d^-A + iPr d^-A) +^x i^L d^-A + i^r d^-A) 

- xo{^/jL^/jR+lc''Fd^-A) - exii^Ri^L-lc^'Fd^-A) 
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- \ex{C^''i^Ldc-^L+ C^^Rdc-^pL- C^^'i^Ld^-^R- C^^^Rd^-^R 

- ^(det C)Fd^-d^-A) - 9{9x) {^/^rO^-A + F^jl) 

- X{0x) {i^Ld^-A - F^r) - 9xe{'-{-C''d^-tljLF+ C^'d^-^RF 

- c'^^.pLd^-d^-A- c^^,pRd^-d^-A} -^lf)- exxilic'^'d^-^RF 

+ ex{ex){i i'L Oc-i'L + ^ i'R o^-i^R - ff). (A-9) 

Prom eqn. (A-8), one can notice that all the terms in * L, which depend on C"'^ (Lorentz 
non invariant) come with opposite signs to the ones in L * given in eqn. (A-9). However, 
other terms in i? * L independent of C"'^ come with the same sign as in L * i?. In particular, 
we notice that the following results hold true when we restrict ourselves to terms which are 
proportional to Oxi^x) '■ 

L * R\exex = ^ * L\exex ■ (^-10) 
Using eqns. (A-8) and (A-9), one can also show the following: 

Ll * R\sxex = L * R* L\g^g^ (A-11) 

= R*Ll\o^Ox^ (A-12) 

Rl * L\§x0x = R* L * R\exex (A-13) 

- L*Rl\s^,^. (A-14) 

Now, the combination in which L * R appears in the action is [L * R] — L * R + R * L, in 
which the terms proportional to C"'^ cancel out. 

Further, using the definition of R given in eqn. (A-3) and the results in eqns. (A-4)-(A-5), 
the following identities can be proved: 

* R \exOx — L * R * ^ISxOx — ■ ■ ■ — R * LT'IsxOx ' (A-15) 

LI"'~^^ * R \ex6x — L * R * Ll"\g^0^ — ■ ■ ■ — R * Ll^~^^\g^g^ , (A-16) 

* RI Isxdx ~ ^ * R * L * R\g^g^ = ■ ■ ■ — RI * Ll"'\g^g^ , (A-17) 

L^""^^ * Rl \exOx = R * Ll"' * R * L\exex = ■ ■ ■ = Rl * ^T^~^^\§xOx ■ (A-18) 
Below, we give conclusive evidence for these identities. 
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1. First, we show that for terms with coefficient 6*% (6'%) , the following result holds true: 

= it:*LM,-^,^. (A-19) 

Prom the definition of R given in eqn. (A-3) and the result for in eqn. (A-4), we can 
calculate the following: 

-det Cj F^^-\-2n)MR{-i{0x)0i^L + i{ex)xi^R 



2^ y ? 2 

+ ex {\{c''e + c'\)d^-iJL - \{c''e + c'\)d^-^ijR - i{ex)F 

- Qdet d^-d^-A } ) + Qdet F^" i?, (A-20) 
Similarly, one can also obtain: 

L^" * = Qdet cJ ' F''^-\-2n)iljL^R{-t{ex)eilJL + t{ex)x^R 

-'-{c''xO + c''ee)d,-A + '-{c'^Ox + c'\x)dc-A 

+ 0x{- \{c''e + c''x)dc-i^L + \{c''e + c''x)d^-^PR - i{ex)F 

- Qdet d^-d^-A } ) + Qdet c)" F^^'R. (A-21) 

Comparing the results in equations (A-20) and (A-21), one can infer that the identity 
given eqn. (A-19) holds true. Further, the identity in eqn. (A-19), seems to hold, even 
for other terms which neither depend on C nor on Ox{dx) ■ However, these will not 
contribute to the action after integration over the Grassmannian variables, and hence, 
arc not interesting for our purposes. Now, from the identity (A-19) and using eqns. 
(A-20) and (A-21) it is possible to see that the following relations also hold true: 



LI"' * Rl\g^g^ — R * *R\g^g^ 

?2 , r 2n I 



= Rl * Lfle^ex ' (A-22) 

L^""*"-^ *-R|^x6'x ~ L * R * Ll^lg^g^ . (A-23) 

2. Next, making use of the result given in eqn. (A-5), one can directly compute the following 
quantities: 

-det C j F^"-! [-2niijjLil^RR + F [r * l)] (A-24) 

(1 \ " 

-detCj F^''-^[-2nii;LiJRR + f(^L *r)]. (A-25) 
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In general, the quantities in eqns. (A-24) and (A-25) are not equivalent. However, for 
terms with coefficient Ox{dx) the result in eqn. (A-10) can be used to see the equivalence 
of second terms and hence, the following identity can be established: 



-2n+l 



*R\ 



3. Similarly, from eqn. (A-5) one can also calculate the following quantities: 

•1 



:det C 



L^+i *Rl = ( -det C 



ri2n-l 



n2n-l 



-2nii^Li^RRl + f(^RI * l) 
-2nii^L^RRl + f[l*RI) 



(A-26) 

(A-27) 
(A-28) 



Now, using the result given in eqn. (A-14) in eqn. (A-27), the following equivalence can 
be shown for terms with coefficient x{(^X) '■ 



Rt * L 



2n+l I 



-2n+l 



* R 



(A-29) 



Moreover, from eqns. (A-24) and (A-26), one can also derive the following identities, 
when restricted to terms with coefficient Oxi^x) '■ 

-R* * ^l^'^^lexdx — R * LI^'^^ * Ft\sj 
L* R* L^+^L-.^ = L2"+' *R\ 



'xfx 



'x^x 



(A-30) 

(A-31) 



4. Now, we proceed to establish few more identities, which will ultimately lead to the proof 
of the result given in eqn. (A-1). First, using the result for given in eqn. (A-4) and 
also the result for R * Lf^ given in eqn. (A-20), we can compute the following quantity: 

Lt"" * (R* L?"^'- 



(-detC) 



m— 1 



'X»X 



ri2m-2 



(-2m) ( -det Cy {-iF) 



+ {\det C) F^{-iF) [^det C)" ' F^"-^ (-2n^i ) 
+ (^det C)F2(^det cy F^^'d^^d^-A 



(A-32) 



Independently, from the definition of L^" in eqn. (A-4), one can also arrive at the following 
relation: 



^2m+2n ^ ^| 



'xcx 



-det C 



m+n— 1 



^2(m+n)-2 (_2^ _ 2n){-iF^PL^R) 



m+n 



+ f -det C\ F2("*+")9^-9^-A. 



Comparing eqns. (A-32) and (A-33), one can see that the following holds true: 



Lr*(i?*L^)i,-.,^ =Lr+2-*i?i,- 



'xfx ■ 



(A-33) 



(A-34) 
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5. In a similar way, using the result derived in eqn. (A-5) for Ll"'~^^, one can explicitly 
deduce that: 

('" 1 \ _ _ _ 

-det C) (-2(m + n) i V^l ^i^R d^-d^-A) 

+ F{iijL d^-^l^L + i i'R d^-^R - FF)]. (A-35) 
On the other hand, using eqn. (A-4), one can also show that: 



det C) \-2nitljL^I^RLf^ * R + F.Lf^ * R* L 



-det C F 



7i2n-l 



m— 1 



+ F(^^det F^"^-^ {{-2m) iPLi'Ri (^^det Fd^-d^^-A 

+ Qdet F^ {t i,L dc-^L + t i'R d^-^Pn - F f)] . 
Thus, comparing eqns. (A-35) and (A-36)we have: 

r'^'^ ± ( R <k 7-2n+l\|_ _ 7-2m+2n+l ^ R|_ 

6. Now, using the definition of L"^ given in eqn. (A-4), one can deduce that: 

1 \ m+n 

-det C\ F^ira+n) ^_2{m + n + 1) i V'L V'R (-«i^) 



(A-36) 



(A-37) 



+ (^-det Cj F^d^-d^-A 
On the other hand, using the definition of -L^""^^ given in eqn. (A-5), one has: 

r2m+l ^ p ^ r2n+l i 

Li^ * n * \exdx 

+n ^ 

-2miipL'4'RF R * L 



(A-38) 



(-1 X m+n 

^det C ) f2(-+-)-2 



-2niipLi'RFL * R + F'^ L * R* L 



-1 N m+n 

-det Cj i7^2(m+n)-2 [_2TOi i^RF{-FF) -2nii^L ^rF{-FF) 



+F^{ Qdet F%-d^-A + 2ii)L i'RF) 
Comparing eqns. (A-38) and (A-39), one can see that: 

* R * L^+^ \s^ex = * i^L" 



xfx 



(A-39) 



(A-40) 
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7. To show that: 



we directly calculate the following from the definitions of L^^ and R given in eqns. (A-4) 
and (A-3): 



1 \ m+n+p— 3 

-det CI ^2(m+n+p)-6 



X * 



-2m(ex)^L^R + (^detC) 



(idetc)F^; 









-2p{ex)i^Li^R + (^detC) F2 



1 \ m+n+p—3 

-det CI ^2(m+n+p)-6 



-2(m + n + p) idet C F^^ 
X il:Li:R{-2iPL^R) +2(^^detCF^'^' d^-d^-A . (A-42) 
On the other hand, one can also calculate the following directly from eqn. (A-5): 



= ( -det C 



xf X 

m+n+p— 1 



+ 2 ( ^det CF^) d^-d<;-A 



8. The following identity can be shown in an identical fashion: 

L^+l *R*Ll^*R*LlP = 0m+n+p)+l ^ ^2|__^^ 



(A-43) 



(A-44) 



9. Next, using the definitions of Ll^ , Ll^~^^ and R given in eqn. (A-5), (A-4) and (A-3) one 
can directly calculate the following: 



det Cj F^"^-^ 
det cV F^"-! 



—2im ipL i^R + F. L 
—2in ipL '4'R + F. L 



X 



* { ^det C ] F2f-2 



* R 

1 



-2p(^x)V'iV'^ + ( -detC) F' 



1 \ m+n+p— 1 

-det CI ^2{m+n+p)-4 



-2im ipL ipR ( ^det C] F^ R * L * R- 
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-2inipLipR i^^det CjF^L*R*R + F^L*R*L* R{-2p{ex)) 
+ idet F^L * R* L * R 

1 \ m+n+p— 1 

-det Cj p2{m+n+p)-4 

-2ini^L i^R (2i) ^I^l^rF(^ ^det + (-2. ^det C ) V'l V'fl)(-2p) 



1 



-2im ( ^det C ] F' {2t) i^R F 



+ ( ^det C) 2 I ^det c) F^d^-Ad^-A + i^R i^L V'ii} 
In deriving the above identity, we have made use of the following results: 



(A-45) 



L * R * L * R\ 



'xt>x 



= R;i*F 



* If XPX 



= 2i^(^^detC^F^d^-Ad^-A + 2iljL^R^L^R], 



L * R * L * R\ 



Thus, one ends up with: 



2. ( -det C]F''4;liPr 



(A-46) 



L^+^ *R*Ll^+' * R* L'/\g^e^ 



1 \ m+n+p 

-det CI F^irn+n+p) 



4{m + n + p + l)ipL tpRtpL iiR 



+ Qdet F^2d^-d^-A 

_ T 2 (m+n+p) +2 ^ p2 | _ 



'X»X 



(A-47) 



10. One can now go on and rigorously show that the following identity holds true as well 
(when restricted to terms with coefficient Ox{dx))'- 



L^+i *R*Ll^+^ * R * L^f+i 



'x»x 



0m+n+p)+3 ^Rll (A-48) 



In this manner, one finally arrives at the most general result that takes the form: 

*R*L: * R* L: I,-^,^ = * RI I,-^,^ , (A-49) 

where m, n and p are all integers. 
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